Abstract: Under some special conditions, the P3P problem can have 1, 2, 3 and 4 solutions, and if the 3 control points and the optical center lie on a circle, the problem is indeterminate. In this paper, by the Monte Carlo approach of up to 1 million samples, it is shown that the probabilities of the P3P problem with one solution, two solutions, three solutions, and four solutions are respectively 0.9993, 0.0007, 0.0000, 0.0000. The result confirms the well-known fact that in the most cases, the P3P has a unique solution.
张彩霞 等:P3P 问题的多解现象的概率研究 2101 co-circularity of the three control points with the camera's optical center [1] . Fishler and Bolles [2] proved that the P3P problem has at most 4 positive solutions and this upper bound is also attainable via a concrete example. Wolfe, et al. [3] provided a geometric explanation of the distribution of the solutions for this problem, and showed that there are usually at most two solutions. Gao, et al. [4] gave a complete solution set of the P3P problem. Their results are purely algebraic, and seem more difficult to be instructive in real applications than directly solving a 4th degree polynomial as originally stated. In Ref. [5] , it is shown that if the optical center lies within the danger cylinder, and additionally lies on any one of the three perpendicular planes going through the 3 altitudes of the control-point triangle, then the corresponding P3P problem must have 4 solutions. However, it seems difficult, if not impossible, to give such geometrical interpretations for all cases of multiple solutions of the P3P problem. Motivated by this, this manuscript is intended to have a study on the multiple solutions of the P3P problem from the probabilistic standpoint. In other words, based on a Monte Carlo Method, we would determine the probabilities of the P3P problem to have one, two, three, or four solutions.
Problem Statement
As we know, different randomness results in different probabilistic result. In order to correctly describe the P3P problem, the "correct randomness" must be used. Here by "correct randomness", we mean "the random sample process" involved in the Monte Carlo method must correctly represent the nature of the P3P problem.
The P3P definition and main constraints
It is defined as that given the relative spatial locations of 3 control points and given the angle to every pair of control points from the perspective center, find the distance of each of the control points from the perspective center.
As shown in Fig 
Logical randomness
In order to determine the probabilities of multiple solutions of the P3P problem by the Monte Carlo method, we think the following random sampling process is the logical one and should be adopted: Fix the optical center at the 
Transformation and boundedness
There is a practical problem for the above randomness to implement. This is because the involved 3D space is unbounded, as a result, it is difficult to implement the Monte Carlo method. Hence the first step we should take is to transform such an unbounded 3D space into a bounded one, which can be easily done by the following
The above transformation transforms an unbounded variable x∈(−∞,+∞) into a bounded one y∈(−1,+1).
Applying the above transformation to each of the coordinates of the 3 control points, the unbounded problem can be solved as shown in Fig.2 . Of course, if variable x has a uniform distribution, variable y will not be a uniform distribution. The two distribution densities have the following relationship. Assume x has a uniform distribution density g(x)=ε with x∈(−∞,+∞), then as shown in Ref. [6] , variable y will have a distribution density like
Implementation of the Monte Carlo Method
The Monte Carlo Method is implemented as follows in our simulations:
Repeat N ( very large) times the following steps:
1. Choose 9 real numbers y i i=1,2,…,9 at random within (−1,+1), by Eq.(3), determine their density values w i i=1,2,…,9 at these numbers.
From y i i=1,2,…,9, compute corresponding x i i=1,2,…,9 by Eq.(2).
3. Assume the optical center O at the origin, the 3 control points be (x 1 ,x 2 ,x 3 ), (x 4 ,x 5 ,x 6 ), (x 7 ,x 8 ,x 9 ), using the main constraints (1) Due to numerical errors, a solution in our simulations is defined as
Where, (x i ,y i ,z i ) is some computed solution.
2. Due to numerical errors and the above criterion, although the P3P problem can have theoretically at most 4 solutions, in practice, cases where more than 4 solutions do exist. Due to quite limited number of such cases, they are ignored in our simulations.
Main Results
Based on 1 million trials, the results are shown in table 1 and Fig.3 . Table 1 The number of solutions and the corresponding probability From these results, we see that the probability of having one or two solutions becomes stable after 300 000 trials. The probability of having 3 solutions is of the order of 10 −7 , and that of having 4 solutions is of 10 −9 .
Compared with those of having 1 or 2 solutions, the probability of having 3 or 4 solutions can be safely considered as zero.
Conclusions and Discussions
By a Monte Carlo method, the probability of the P3P problem to have one, two, three, or four solutions are assessed. The results show that the probability of having one solution is dominant and as high as 99.928%. The probability of having 3 or four solutions is zero. These results are somehow instructive for a better understanding on the multiple-solution behavior of the P3P problem.
In fact, our simulations negate such an assumption, that is, by fixing 3 given control points, and let the optical center change, the corresponding P3P problem could have the same probabilistic results as listed in Section 4.
